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Abstract
We propose a new class of gravity-matter models deﬁned in terms of two independent non-Riemannian volume forms (alternative generally covariant integration
measure densities) on the spacetime manifold. For the matter we choose appropriate scalar ﬁeld potentials of exponential form so that the full gravity-matter
system is invariant under global Weyl-scale symmetry. Solution of the pertinent
equations of motion produce two dimensionful integration constants which spontaneously break global Weyl-scale invariance. In the resulting eﬀective Einsteinframe gravity-matter system we obtain an eﬀective potential for the scalar matter
ﬁeld which has an interesting cosmological application, namely, it allows for a uniﬁed description of both an early universe inﬂation and present day dark energy.

1.

Introduction

A component of the energy-momentum tensor of matter which is proportional to the spacetime metric tensor, with the proportionality constant being indeed exactly or approximately a spacetime constant, has been widely
discussed and its consequences understood, but the possible origin of such
terms remains a subject of hot discussion.
One can transfer such energy-momentum tensor component to the left
hand side of Einstein’s equations and then it can be considered as belonging
to the gravity part. This was the way indeed how Einstein introduced such
contribution and named it the “cosmological constant term”.
More recently it has been invoked as a fundamental component of the
energy density of both the early universe and of the present universe. Nowadays we call such component “vacuum energy density”. The vacuum energy
density has been used as the source of a possible inﬂationary phase of the
early universe (the pioneering papers on the subject are [1]; for a nontechnical review and a good collection of further references on diﬀerent
∗
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aspects of inﬂation see Ref.[2]; for a more technical review see Ref.[3]). Inﬂation provides an attractive scenario for solving some of the fundamental
puzzles of the standard Big Bang model, like the horizon and the ﬂatness
problems (third ref.[1]) as well as providing a framework for sensible calculations of primordial density perturbations (for a review, see the book
[4]).
Also, with the discovery of the accelerating expansion of the present universe (for reviews of this subject, see for example [5, 6]) it appears plausible
that a small vacuum energy density, usually referred in this case as “dark
energy”, is also present even today. Because of this discovery the cosmological constant problem (CCP) has evolved from the “Old Cosmological Constant Problem” [7], where physicists were concerned with explaining why
the observed vacuum energy density of the universe nowadays is vanishing,
to a diﬀerent type of CCP – the “New Cosmological Constant Problem”
[8]. Namely, the problem now is to explain why the vacuum energy density
of the current universe is very small rather than being zero.
These two vacuum energy densities, the one of inﬂation and the other
of the universe nowadays, have however a totally diﬀerent scale. One
then wonders how cosmological evolution may naturally interpolate between such two apparently quite distinctive physical situations.
The possibility of continuously connecting an inﬂationary phase to a
slowly accelerating universe through the evolution of a single scalar ﬁeld –
the quintessential inflation scenario – has been ﬁrst studied in Ref.[9]. Also,
carefully constructed F(R) models can yield both an early time inﬂationary
epoch and a late time de Sitter phase with vastly diﬀerent values of eﬀective
vacuum energies [10]. For a recent proposal of a quintessential inﬂation
mechanism based on “variable gravity” model [11] and for extensive list of
references to earlier work on quintessential inﬂation, see Ref.[12].
In the present letter we propose a new theoretical framework where the
quintessential inﬂation scenario is explicitly realized in a natural way.
The main idea of our current approach comes from Refs.[13, 14, 15] (for
recent developments, see Refs.[16]), where some of us have proposed a new
class of gravity-matter theories based on the idea that the action integral
may contain a new metric-independent integration measure density, i.e., an
alternative non-Riemannian volume form on the spacetime manifold deﬁned
in terms of an auxiliary antisymmetric gauge ﬁeld of maximal rank. The
latter formalism yields various new interesting results in all types of known
generally coordinate-invariant theories:
• (i) D = 4-dimensional models of gravity and matter ﬁelds containing
the new measure of integration appear to be promising candidates
for resolution of the dark energy and dark matter problems, the ﬁfth
force problem, and a natural mechanism for spontaneous breakdown
of global Weyl-scale symmetry [13]-[16].
• (ii) Study of reparametrization invariant theories of extended objects
(strings and branes) based on employing of a modiﬁed non-Riemannian
world-sheet/world-volume integration measure [17] leads to dynamically induced variable string/brane tension and to string models of
non-abelian conﬁnement.
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• (iii) Study in Refs.[18] of modiﬁed supergravity models with an alternative non-Riemannian volume form on the spacetime manifold produces some outstanding new features: (a) This new formalism applied
to minimal N = 1 supergravity naturally triggers the appearance of a
dynamically generated cosmological constant as an arbitrary integration constant, which signiﬁes a new explicit mechanism of spontaneous
(dynamical) breaking of supersymmetry; (b) Applying the same formalism to anti-de Sitter supergravity allows us to appropriately choose
the above mentioned arbitrary integration constant so as to obtain simultaneously a very small eﬀective observable cosmological constant
as well as a very large physical gravitino mass.
We now extend the above formalism employing two (instead of only
one) modiﬁed non-Riemannian volume-forms on the underlying spacetime
to construct new type of gravity-matter models producing interesting cosmological implications relating inﬂationary and slowly accelerating phases
of the universe.

2.

Gravity-Matter Models With Two Independent
Non-Riemannian Volume-Forms

We shall consider the following non-standard gravity-matter system with
an action of the general form (for simplicity we will use units where the
Newton constant is taken as GN = 1/16π):
∫
S=

[
] ∫
[
Φ(H) ]
(1)
d x Φ1 (A) R + L
+ d4 x Φ2 (B) L(2) + √
,
−g
4

(1)

with the following notations:
• Φ1 (A) and Φ2 (B) are two independent non-Riemannian volume-forms,
i.e., generally covariant integration measure densities on the underlying spacetime manifold:
Φ1 (A) =

1 µνκλ
ε
∂µ Aνκλ
3!

,

Φ2 (B) =

1 µνκλ
ε
∂µ Bνκλ ,
3!

(2)

deﬁned in terms of ﬁeld-strengths of two auxiliary 3-index antisymmetric tensor gauge ﬁelds. Φ1,2 take over the role
√ of the standard Rie√
mannian integration measure density −g ≡ − det ∥gµν ∥ in terms
of the spacetime metric gµν .
• R = g µν Rµν (Γ) and Rµν (Γ) are the scalar curvature and the Ricci tensor in the ﬁrst-order (Palatini) formalism, where the aﬃne connection
Γµνλ is a priori independent of the metric gµν .
• L(1,2) denote two diﬀerent Lagrangians with matter ﬁelds, to be speciﬁed below.
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• Φ(H) indicate the dual ﬁeld strength of a third auxiliary 3-index antisymmetric tensor gauge ﬁeld:
Φ(H) =

1 µνκλ
ε
∂µ Hνκλ ; ,
3!

(3)

whose presence is crucial for non-triviality of the model.
For the matter Lagrangians we take the scalar ﬁeld ones:
1
L(1) = − g µν ∂µ φ∂ν φ − V (φ)
2

L(2) = U (φ) (no kinetic term) .

,

(4)

We now observe that the original action (1) is invariant under global Weylscale transformations:
1
ln λ ,
α
→ Hµνκ ,

gµν → λgµν , φ → φ −
Aµνκ → λAµνκ , Bµνκ → λ2 Bµνκ , Hµνκ

(5)

where α is a dimensionful positive parameter, provided we choose the scalar
ﬁeld potentials in (4) in the form (similar to the choice [13]):
V (φ) = f1 exp{−αφ}

,

U (φ) = f2 exp{−2αφ} .

(6)

Variation of (1) w.r.t. Γµνλ gives (following the derivation in [13]):
1
Γµνλ = Γµνλ (ḡ) = ḡ µκ (∂ν ḡλκ + ∂λ ḡνκ − ∂κ ḡνλ ) ,
2

(7)

where ḡµν is the Weyl-rescaled metric:
Φ1 (A)
ḡµν = χ1 gµν , χ1 ≡ √
.
−g

(8)

Variation of the action (1) w.r.t. auxiliary tensor gauge ﬁelds Aµνλ ,
Bµνλ and Hµνλ yields the equations:
[
]
∂µ R + L(1) = 0 ,

[
Φ(H) ]
∂µ L(2) + √
=0 ,
−g

∂µ

( Φ (B) )
2
√
= 0 , (9)
−g

whose solutions read:
Φ2 (B)
√
= χ2 = const
−g

,

R + L(1) = −M1 = const ,

Φ(H)
L(2) + √
= −M2 = const .
−g

(10)
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Here M1 and M2 are arbitrary dimensionful and χ2 arbitrary dimensionless integration constants. The appearance of M1 , M2 signiﬁes dynamical
spontaneous breakdown of global Weyl-scale invariance under (5) due to the
scale non-invariant solutions (second and third ones) in (10).
Varying (1) w.r.t. gµν and using relations (10) we have:
[
χ1 Rµν +

] 1 [
]
∂
(1)
(2)
L
−
χ
T
+
g
M
2
µν 2 = 0 ,
µν
∂g µν
2

(11)
(2)

where χ1 and χ2 are deﬁned in (8) and ﬁrst relation (10), and Tµν is
the energy-momentum tensor of the second matter Lagrangian with the
standard deﬁnitions:
(1,2)
Tµν
= gµν L(1,2) − 2

∂
L(1,2) .
∂g µν

(12)

Using second relation (10) and (12), Eqs.(11) can be put in the form:
)]
1
1 [ (1)
χ2 ( (2)
Rµν − gµν R = Tµν
+ gµν M1 +
Tµν + gµν M2 .
2
2
χ1

(13)

Taking the trace of Eqs.(13) and using again second relation (10) we solve
for the scale factor χ1 :
χ1 = 2χ2

U (φ) + M2
.
V (φ) − M1

(14)

Now, taking into account (8) and (14) we can bring Eqs.(13) into the standard form of Einstein equations for the metric ḡµν (8) , i.e., the Einstein
frame equations:
1
1 eﬀ
Rµν (ḡ) − ḡµν R(ḡ) = Tµν
(15)
2
2
with energy-momentum tensor corresponding (according to (12)) to the
following eﬀective scalar ﬁeld Lagrangian:
1
Leﬀ = − ḡ µν ∂µ φ∂ν φ − Ueﬀ (φ) ,
2

(16)

where the eﬀective scalar ﬁeld potential reads:
(V (φ) − M1 )
(f1 e−αφ − M1 )
=
.
4χ2 (U (φ) + M2 )
4χ2 (f2 e−2αφ + M2 )
2

Ueﬀ (φ) =

2

(17)

98

3.

E. Guendelman, E. Nissimov, S. Pacheva

Canonical Hamiltonian Treatment

Before proceeding to the cosmological implications of the new gravitymatter model based on two non-Riemannian spacetime volume forms let
us brieﬂy discuss the application of the canonical Hamiltonian formalism
to (1), which will elucidate the proper physical meaning of the arbitrary
integration constants χ2 , M1 , M2 (10) encountered in the previous section.
For convenience let us introduce the following short-hand notations for
the ﬁeld-strengths (2), (3) of the auxiliary 3-index antisymmetric gauge
ﬁelds Aµνλ , Bµνλ , Hµνλ (the dot indicating time-derivative):
.

Φ1 (A) =A +∂i Ai
.

Φ1 (B) =B +∂i B i
.

Φ(H) =H +∂i H i

1 ijk
1
ε Aijk , Ai = − εijk A0jk ,
3!
2
1
1
, B = εijk Bijk , B i = − εijk B0jk ,
3!
2
1
1 ijk
i
, H = ε Hijk , H = − εijk H0jk ,
3!
2
,

A=

(18)
(19)
(20)

For the pertinent canonical momenta we have:
.
1
.
.
e 1 (u, u)
πA = R + L(1) ≡ L
, πB = L(2) (u, u) + √ (H +∂i H i ) ,
−g
.
1
πH = √ (B +∂i B i ) , (21)
−g
.

where (u, u) collectively denote the set of the basic gravity-matter canonical
variables ((u) = (gµν , φ, . . .)) and their velocities, and:
πA i = 0 ,

πB i = 0

,

πH i = 0 ,

(22)

the latter implying that Ai , B i , H i will in fact appear as Lagrange multipliers for certain ﬁrst-class Hamiltonian constraints (see Eqs.(26)-(27) below).
For the canonical momenta conjugated to the basic gravity-matter canonical variables we have (using last relation (21)):
.

pu = (A +∂i Ai )

√
∂ e
∂ (2)
.
.
. L1 (u, u) + πH −g
. L (u, u) .
∂u
∂u
.

(23)
.

.

.

Now, from relations (21), (23) we obtain the velocities u, A, B , H as
.
.
functions of canonically conjugate momenta u=u (u, πA , πB , πH ) etc. Taking into account (21)-(22) (and the short-hand notations (18)-(20)) the
canonical Hamiltonian corresponding to (1):
.

.

.

.

e 1 (u, u)
H = pu u +πA A +πB B +πH H −(A +∂i Ai )L
[
]
.
√
1
.
−πH −g L(2) (u, u) + √ (H +∂i H i )
−g
.

.

(24)
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acquires the. following
form as function of the canonically conjugated vari.
ables (here u=u (u, πA , πB , πH )):
√
√
.
.
H = pu u −πH −gL(2) (u, u) + −gπH πB
−∂i Ai πA − ∂i B i πB − ∂i H i πH .

(25)

We are interested only in the canonical Hamiltonian structure related to the
auxiliary antisymmetric tensor gauge ﬁelds. From the second line in (25)
we deduce that indeed Ai , B i , H i are Lagrange multipliers for the ﬁrst-class
Hamiltonian constraints:
∂i πA = 0 → πA = −M1 = const ,

(26)

and similarly:
πB = −M2 = const

,

πH = χ2 = const ,

(27)

which are the canonical Hamiltonian counterparts of Lagrangian constraint
equations of motion (10).
Thus, the canonical Hamiltonian treatment of (1) reveals the meaning of
the auxiliary 3-index antisymmetric tensor gauge ﬁelds Aµνλ , Bµνλ , Hµνλ
– building blocks of the non-Riemannian spacetime volume-form formulation of the modiﬁed gravity-matter model (1). Namely, the canonical momenta πA , πB , πH conjugated to the “magnetic” parts A, B, H (18)-(20)
of the auxiliary 3-index antisymmetric tensor gauge ﬁelds are constrained
through Dirac ﬁrst-class constraints (26)-(27) to be constants identiﬁed
with the arbitrary integration constants χ2 , M1 , M2 (10) arising within the
i , πi , πi
Lagrangian formulation of the model. The canonical momenta πA
B
H
conjugated to the “electric” parts Ai , B i , H i (18)-(20) of the auxiliary 3index antisymmetric tensor gauge ﬁeld are vanishing (22) which makes the
latter canonical Lagrange multipliers for the above Dirac ﬁrst-class constraints.

4.

Implications for Cosmology

The eﬀective scalar potential (17) possesses the following remarkable property. For large negative and large positive values of φ Ueﬀ (φ) exponentially
fast approaches two inﬁnitely large ﬂat regions (which we will denote as
(∓) ﬂat regions, respectively) with smooth transition between them:
f12
for φ → −∞ ,
4χ2 f2
M12
Ueﬀ (φ) →
for φ → +∞ .
4χ2 M2
Ueﬀ (φ) →

The shape of Ueﬀ (φ) depicted on Fig.1.

(28)
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Figure 1: Shape of the eﬀective scalar potential Ueﬀ (φ) (17).

In the original gravity-matter models with only one non-Riemannian
volume form [13] one obtains upon spontaneous breakdown of global Weylscale symmetry only one ﬂat region of the eﬀective scalar potential, so that
this simple model does not meet the requirement for uniﬁcation of inﬂation
and dark energy.
Let us point out that in the context of the original modiﬁed-measure
gravity-matter theories (with only one non-Riemannian integration measure density) it is possible to obtain two ﬂat regions by means of adding an
ϵR2 term as shown in [15]. This is, however, achieved at the price of creating a non-canonical kinetic term for the scalar ﬁeld which substantially
complicates the theory and its particle content interpretation (see remarks
on this point below).
In the present case we derived an eﬀective scalar potential Ueﬀ (φ) (17)
with two infinitely large flat regions while the kinetic term of the scalar
ﬁeld remained canonical. In the course of the derivation we obtained three
integration constants χ2 , M1 , M2 (10), two of them (M1 , M2 ) triggering
spontaneous breakdown of the original global Weyl-scale symmetry (5).
These integration constants can be appropriately adjusted so as to get the
shape of the eﬀective scalar potential as depicted on Fig.1.
The cosmological picture suggested by Fig.1 is evident. The universe
starts from a large negative value of φ, then slow rolls the (−) ﬂat region
to the left whose height:
Ueﬀ (φ) ≃ U(−) =

f12
4χ2 f2

(29)

upon appropriate choice of f1 , f2 can be made very large corresponding to
the vacuum energy density in the inﬂationary phase. After that there is
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an abrupt fall to Ueﬀ = 0 where particle creation is obtained from rapidly
varying φ(t). The scalar ﬁeld comes down with very high kinetic energy in
the region of Ueﬀ ≃ 0, certainly higher than the value of Ueﬀ in the (+) ﬂat
region to the right:
M12
,
(30)
Ueﬀ (φ) ≃ U(+) =
4χ2 M2
which upon appropriate choice of the scales of M1 , M2 (see below) can
be made to correspond to the correct value of the current vacuum energy
density. So φ(t) “climbs” the latter low barrier and continues to evolve
in the φ → +∞ direction. Thus, on the (+) ﬂat region we have a slow
rolling scalar which produces approximately the dark energy equation of
M12
state (ρ ≃ −p, with very small ρ ≃ U(+) = 4χ2 M
) explaining the present
2
day dark energy phase.
Indeed, taking the integration constant χ2 ∼ 1, and choosing the scales
4
of the scalar potential (17) coupling constants M1 ∼ MEW
and M2 ∼ MP4 l ,
where MEW , MP l are the electroweak and Plank scales, respectively, we
are then naturally led to a very small vacuum energy density of the order:
8
ρ ≃ U(+) ∼ MEW
/MP4 l ∼ 10−120 MP4 l ,

(31)

which gives the right order of magnitude for the present epoche’s vacuum
energy density as already recognized in Ref.[19].
In a parallel work [20] we have generalized the model (1) by including
a gravitational R2 term so as to preserve the original global Weyl-scale
symmetry (5):
∫
S=

[
] ∫
[
Φ(H) ]
d4 x Φ1 (A) R + L(1) + d4 x Φ2 (B) L(2) + ϵR2 + √
. (32)
−g

The analysis of the model (32) goes along similar lines as described in
Sections 2 and 3 above, where in addition we ﬁnd for a deﬁnite parameter
range a non-singular “emergent universe” solution which describes an initial
phase of universe’s evolution that precedes the inﬂationary phase. It was
also realized in [20] that upon taking the order of magnitude for the coupling
constants in the eﬀective scalar potential f1 ∼ f2 ∼ (10−2 MP l )4 , then the
order of magnitude of the vacuum energy density of the early universe U(−)
(29) becomes:
U(−) ∼ f12 /f2 ∼ 10−8 MP4 l ,
(33)
which conforms to the BICEP2 experiment [21] and Planck Collaboration
data [22] implying the energy scale of inﬂation of order 10−2 MP l . Nevertheless, as shown in [20], the result for the tensor-to-scalar ratio r obtained
within the model (32) conforms to the data of the Planck Collaboration
[22] rather than BICEP2 [21].
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