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Abstract

Following Sklyanin’s proposal in the rational case, we derive the
generating function of the Gaudin Hamiltonians in the trigonometric
case. Our derivation is based on the quasi-classical expansion of the
linear combination of the transfer matrix of the inhomogeneous XXZ
Heisenberg spin chain and the central element, the so-called Sklyanin
determinant. The corresponding Gaudin Hamiltonians are obtained
as the residues of the generating function.
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1. Introduction

Gaudin models were introduced as interacting spins in a chain [1, 2, 3, 4]. In
this approach, these models were obtained as a quasi-classical limit of the
integrable quantum chains. Moreover, the Gaudin models were extended
to any simple Lie algebra, with arbitrary irreducible representation at each
site of the chain [4].

The rational sℓ(2) invariant model was studied in the framework of the
quantum inverse scattering method [5]. In his studies, Sklyanin used the
sℓ(2) invariant classical r-matrix [5]. A generalization of these results to
all cases when skew-symmetric r-matrix satisfies the classical Yang-Baxter
equation [6] was relatively straightforward [7, 8]. Therefore, considerable
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attention has been devoted to Gaudin models corresponding to the the
classical r-matrices of simple Lie algebras [9, 10] and Lie superalgebras[11,
12]. In the case of the sℓ(2) Gaudin system, its relation to Knizhnik-
Zamolodchikov equation of conformal field theory [13, 14, 15] or the method
of Gauss factorization [16], provided alternative approaches to computation
of correlation functions. The non-unitary r-matrices and the corresponding
Gaudin models have been studied recently, see [17, 18] and the references
therein. In [19] we have derived the generating function of the sℓ(2) Gaudin
Hamiltonians with boundary terms. Moreover, we have implemented the
algebraic Bethe ansatz, based on the appropriate non-unitary r-matrices
and the corresponding linear bracket, obtaining the spectrum of the gener-
ating function and the corresponding Bethe equations [19].

Here, following Sklyanin’s proposal in the rational case [5, 19], we derive
the generating function of the Gaudin Hamiltonians in the trigonometric
case. Our derivation is based on the quasi-classical expansion of the linear
combination of the transfer matrix of the inhomogeneous XXZ Heisenberg
spin chain and the central element, the so-called quantum determinant.

2. Inhomogeneous XXZ Heisenberg spin chain

With the aim deriving the Gaudin Hamiltonians in the trigonometric case,
we consider the R-matrix of the XXZ Heisenberg spin chain [20, 21, 22]

R(λ, η) =


sinh(λ+ η) 0 0 0

0 sinh(λ) sinh(η) 0

0 sinh(η) sinh(λ) 0

0 0 0 sinh(λ+ η)

 . (1)

This R-matrix satisfies the Yang-Baxter equation in the space C2⊗C2⊗C2

[24, 23]

R12(λ− µ)R13(λ)R23(µ) = R23(µ)R13(λ)R12(λ− µ). (2)

Here we study the inhomogeneous XXZ spin chain with N sites, char-
acterised by the local space Vm = C2s+1 and an inhomogeneous parameter
αm. The Hilbert space of the system is

H =
N
⊗

m=1
Vm = (C2s+1)⊗N . (3)

We introduce the Lax operator as the following two-by-two matrix in the
auxiliary space
V0 = C2,

L0m(λ) =
1

sinh(λ)

(
sinh

(
λ1m + ηS3

m

)
sinh(η)S−

m

sinh(η)S+
m sinh

(
λ1m − ηS3

m

) ) . (4)
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When the quantum space is also a spin 1
2 representation, the Lax oper-

ator becomes the R-matrix,

L0m(λ) =
1

sinh(λ)
R0m (λ− η/2) .

Due to the commutation relations (34), it is straightforward to check that
the Lax operator satisfies the RLL-relations

R00′(λ−µ)L0m(λ−αm)L0′m(µ−αm) = L0′m(µ−αm)L0m(λ−αm)R00′(λ−µ).
(5)

The so-called monodromy matrix

T (λ) = L0N (λ− αN ) · · ·L01(λ− α1) (6)

is used to describe the system. For simplicity we have omitted the depen-
dence on the quasi-classical parameter η and the inhomogeneous parameters
{αj , j = 1, . . . , N}. Notice that T (λ) is a two-by-two matrix acting in the
auxiliary space V0 = C2, whose entries are operators acting in H

T (λ) =

(
A(λ) B(λ)
C(λ) D(λ)

)
. (7)

From RLL-relations (5) it follows that the monodromy matrix satisfies the
RTT-relations

R00′(λ− µ)T0(λ)T0′(µ) = T0′(µ)T0(λ)R00′(λ− µ). (8)

The periodic boundary conditions and the RTT-relations (8) imply that
the transfer matrix

t(λ) = tr0T (λ), (9)

commute at different values of the spectral parameter,

[t(µ), t(ν)] = 0. (10)

The RTT-relations (8) admit a central element [5]

∆ [T (λ)] = tr00′P
−
00′T0 (λ− η/2)T0′ (λ+ η/2) , (11)

where

P−
00′ =

−1

2 sinh(η)
R00′(−η) =

1− P00′

2
, (12)

where 1 is the identity and P is the permutation in C2 ⊗ C2. A straight-
forward calculation shows that ∆ [T (λ)] is a scalar operator

∆ [T (λ)] =

N∏
m=1

sinh
(
λ− αm + (2sm+1)η

2

)
sinh

(
λ− αm − (2sm+1)η

2

)
sinh

(
λ− αm + η

2

)
sinh

(
λ− αm − η

2

) ,

(13)
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and therefore, it is evidently central,[
∆[T (λ)] , T (ν)

]
= 0. (14)

In the next section we will seek a linear combination of the transfer
matrix (9) and the central element (11) whose quasi-classical expansion
yields the generating function of the trigonometric Gaudin Hamiltonians in
the case when the periodic boundary conditions are imposed.

3. Trigonometric Gaudin model

The Gaudin models were introduce as a quasi-classical limit of the in-
tegrable quantum chains [3, 4]. Therefore it is to be expected that the
generating function of the trigonometric Gaudin Hamiltonians could be
obtained from the quasi-classical expansion of the transfer matrix of the
periodic XXZ Heisenberg spin chain. Thus, our first step is to consider the
expansion of the monodromy matrix (6) with respect to the quasi-classical
parameter η

T (λ) = 1+ η
∑N

m=1

σ3
0⊗cosh(λ−αm)S3

m+ 1
2(σ

+
0 ⊗S−

m+σ−
0 ⊗S+

m)
sinh(λ−αm) + η2

2 10 ⊗
∑N

m=1

(
S3
m

)2
+ η2

2

∑N
n,m=1
n ̸=m

10⊗(cosh(λ−αm) cosh(λ−αn)S3
mS3

n+
1
2(S

+
mS−

n +S−
mS+

n ))
sinh(λ−αm) sinh(λ−αn)

+ η2

2

∑N
m=1

∑N
n<m

σ3
0⊗(S

−
mS+

n −S+
mS−

n )+σ+
0 ⊗(cosh(λ−αm)S3

mS−
n −cosh(λ−αn)S

−
mS3

n)
2 sinh(λ−αm) sinh(λ−αn)

+ η2

2

∑N
m=1

∑N
n<m

σ−
0 ⊗(cosh(λ−αn)S

+
mS3

n−cosh(λ−αm)S3
mS−

n )
2 sinh(λ−αm) sinh(λ−αn)

+ η2

2

∑N
m=1

∑N
n>m

σ3
0⊗(S

−
n S+

m−S+
n S−

m)+σ+
0 ⊗(cosh(λ−αn)S3

nS
−
m−cosh(λ−αm)S−

n S3
m)

2 sinh(λ−αn) sinh(λ−αm)

+ η2

2

∑N
m=1

∑N
n>m

σ−
0 ⊗(cosh(λ−αm)S+

n S3
m−cosh(λ−αn)S3

nS
−
m)

2 sinh(λ−αn) sinh(λ−αm) +O(η3).

(15)

It is important to notice that the spin operators Sα
m, with α = +,−, 3, on

the right hand side of (15) satisfy the usual commutation relations

[S3
m, S±

n ] = ±S±
m δmn, [S+

m, S−
n ] = 2S3

m δmn. (16)

If the Gaudin Lax matrix is defined by

L0(λ) =

N∑
m=1

σ3
0 ⊗ cosh(λ− αm)S3

m + 1
2

(
σ+
0 ⊗ S−

m + σ−
0 ⊗ S+

m

)
sinh(λ− αm)

(17)

and the quasi-classical property of the R-matrix (1) [23]

1

sinh(λ)
R(λ) = 1− ηr(λ) +O(η2), (18)
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where

r(λ) =
−1

2 sinh(λ)

(
cosh(λ)(1⊗ 1+ σ3 ⊗ σ3) +

1

2

(
σ+ ⊗ σ− + σ− ⊗ σ+

))
,

(19)
is taken into account, then substitution of the expansion (15) into the RTT-
relations (8) yields the so-called Sklyanin linear bracket [5]

[L1(λ), L2(µ)] = [r12(λ− µ), L1(λ) + L2(µ)] . (20)

The classical r-matrix (19) has the unitarity property

r21(−λ) = −r12(λ), (21)

and satisfies the classical Yang-Baxter equation [6]

[r13(λ), r23(µ)] + [r12(λ− µ), r13(λ) + r23(µ)] = 0. (22)

Thus the Sklyanin linear bracket (20) is anti-symmetric and it obeys the
Jacobi identity. It follows that the entries of the Lax matrix (17) generate
a Lie algebra relevant for the Gaudin model.

Using the expansion (15) it is evident that

t(λ) = 2 + η2
N∑

m=1

((
S3
m

)2
+
∑N

n̸=m

cosh(λ−αm) cosh(λ−αn)S3
mS3

n+
1
2(S

+
mS−

n +S−
mS+

n )
sinh(λ−αm) sinh(λ−αn)

)
+O(η3). (23)
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Analogously, we can expand (11) to obtain

∆ [T (λ)] =1+η trL(λ)+ η2

2 (tr
2L(λ)−trL2(λ))

+η2
∑N

m=1

(
(S3

m)
2
+
∑N

n̸=m

cosh(λ−αm) cosh(λ−αn)S3
mS3

n+1
2(S

+
mS−

n +S−
mS+

n )
sinh(λ−αm) sinh(λ−αn)

)

+ η2

2
tr00′P

−
00′
∑N

m=1

∑N
m>n

(
σ3
0⊗(S−

mS+
n −S+

mS+
n )+σ+

0 ⊗(cosh(λ−αm)S3
mS−

n −cosh(λ−αn)S−
mS3

n)
2 sinh(λ−αm) sinh(λ−αn)

+
σ−
0 ⊗(cosh(λ−αn)S+

mS3
n−cosh(λ−αm)S3

mS+
n )

2 sinh(λ−αm) sinh(λ−αn)

)
10′

+ η2

2
tr00′P

−
00′
∑N

m=1

∑N
n>m

(
σ3
0⊗(S−

n S+
m−S+

n S+
m)+σ+

0 ⊗(cosh(λ−αn)S3
nS−

m−cosh(λ−αm)S−
n S3

m)
2 sinh(λ−αn) sinh(λ−αm)

+
σ−
0 ⊗(cosh(λ−αm)S+

n S3
m−cosh(λ−αn)S3

nS+
m)

2 sinh(λ−αn) sinh(λ−αn)

)
10′

+ η2

2
tr00′P

−
00′10

∑N
m=1

∑N
m>n

(
σ3
0′⊗(S

−
mS+

n −S+
mS+

n )+σ+
0′

⊗(cosh(λ−αm)S3
mS−

n −cosh(λ−αn)S−
mS3

n)
2 sinh(λ−αm) sinh(λ−αn)

+
σ−
0′

⊗(cosh(λ−αn)S+
mS3

n−cosh(λ−αm)S3
mS+

n )
2 sinh(λ−αm) sinh(λ−αn)

)

+ η2

2
tr00′P

−
00′10

∑N
m=1

∑N
n>m

(
σ3
0′⊗(S

−
n S+

m−S+
n S+

m)+σ+
0′

⊗(cosh(λ−αn)S3
nS−

m−cosh(λ−αm)S−
n S3

m)
2 sinh(λ−αn) sinh(λ−αm)

+
σ−
0′

⊗(cosh(λ−αm)S+
n S3

m−cosh(λ−αn)S3
nS+

m)
2 sinh(λ−αn) sinh(λ−αn)

)
+O(η3), (24)

where L(λ) is given in (17). The final expression for the expansion of
∆ [T (λ)] is obtained after taking all the traces

∆ [T (λ)] = 1+ η2

×
N∑

m=1

(S3
m

)2
+

N∑
n ̸=m

cosh(λ− αm) cosh(λ− αn)S
3
mS3

n + 1
2 (S

+
mS−

n + S−
mS+

n )

sinh(λ− αm) sinh(λ− αn)


− η2

2
trL2(λ) +O(η3). (25)

To obtain the generation function of the Gaudin Hamiltonians notice that
(23) and (25) yield

t(λ)−∆[T (λ)] = 1+
η2

2
trL2(λ) +O(η3). (26)

Therefore

τ(λ) =
1

2
trL2(λ) (27)

commute for different values of the spectral parameter,

[τ(λ), τ(µ)] = 0. (28)
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Moreover, substituting (17) into (27) it is straightforward to obtain the
expansion

τ(λ) =

N∑
m=1

sm(sm + 1)

sinh2(λ− αm)
+ 2

N∑
m=1

coth(λ− αm)Hm + (S3
gl)

2 , (29)

with the Gaudin Hamiltonians

Hm =
N∑

n̸=m

coth(αm−αn)S
3
mS3

n+
1

2 sinh(αm − αn)

(
S+
mS−

n + S−
mS+

n

)
(30)

and the global generator

S3
gl =

N∑
m=1

S3
m. (31)

The global generator defined above generates the U(1) symmetry[
S3
gl, Hm

]
= 0, with m = 1, 2 . . . N. (32)

Evidently, we have

[Hm,Hn] = 0, with m,n = 1, 2 . . . N. (33)

This shows that τ(λ) is the generating function of Gaudin Hamiltonians
(30) when the periodic boundary conditions are imposed [5].

4. Conclusion

Following Sklyanin’s proposal [5, 19], we have derive the generating func-
tion of the Gaudin Hamiltonians in the trigonometric case by considering
the quasi-classical expansion of the linear combination of the transfer ma-
trix of the XXZ Heisenberg spin chain and the corresponding quantum
determinant. The Gaudin Hamiltonians are obtained as the residues of the
generating function. It would be of considerable interest to generalise these
results to the case of non-periodic boundary conditions.

A Basic definitions

We consider the operators Sα with α = +,−, 3, acting in some (spin s)
representation space C2s+1 with the commutation relations [25]

[S3, S±] = ±S±, [S+, S−] =
sinh(2ηS3)

sinh(η)
= [2S3]q, (34)
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with q = eη. In the space C2s+1 these operators admit the following matrix
representation [25, 26, 27]

S3 =
2s+1∑
i=1

aiei i, S+ =
2s+1∑
i=1

biei i+1, and S− =
2s+1∑
i=1

biei+1 i (35)

where

(eij)kl = δi kδj l, ai = s+1−i, bi =
√

[i]q [2s+ 1− i]q and [x]q =
qx − q−x

q − q−1
.

(36)
In the particular case of spin 1

2 representation, one recovers the Pauli ma-
trices

Sα =
1

2
σα =

1

2

(
δα3 2δα+
2δα− −δα3

)
.

We consider a spin chain with N sites with spin s representations, i.e.
a local C2s+1 space at each site and the operators

Sα
m = 1⊗ · · · ⊗ Sα︸︷︷︸

m

⊗ · · · ⊗ 1, (37)

with α = +,−, 3 and m = 1, 2, . . . , N .
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